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Abstract. Neutron stars with large masses ∼ 2M⊙ require the hard stiffness of equation of state (EoS)
of neutron-star matter. On the other hand, hyperon mixing brings about remarkable softening of EoS. In
order to solve this problem, a multi-pomeron exchange potential (MPP) is introduced as a model for the
universal many-body repulsion in baryonic systems on the basis of the Extended Soft Core (ESC) baryon-
baryon interaction. The strength of MPP is determined by analyzing the nucleus-nucleus scattering with
the G-matrix folding model. The interactions in ΛN , ΣN and ΞN channels are shown to be consistent with
experimental indications. The EoS in neutron-star matter with hyperon mixing is obtained from ESC in
addition of MPP, and mass-radius relations of neutron stars are derived. The maximum mass is shown to
reach 2M⊙ even in the case of including hyperon mixing on the basis of model-parameters determined by
terrestrial experiments.
PACS. 21.65.Cd 21.80.+a 25.70.-z 26.60.Kp
1 Introduction
The observed masses of neutron stars J1614-2230 [1] and
J0348-0432 [2] are given as (1.97 ± 0.04)M⊙ and (2.01 ±
0.04)M⊙, respectively. These large masses give a severe
condition for the stiffness of equation of state (EoS) of
neutron-star matter. It is well known that the stiff EoS
giving the maximum mass of 2M⊙ can be derived from the
existence of strong three-nucleon repulsion (TNR) in the
high-density region. However, the hyperon (Y ) mixing in
neutron-star matter brings about the remarkable softening
of the EoS, which cancels the TNR effect for the maximum
mass [3,4,5].
One of ideas to avoid this serious problem, called ”Hy-
peron puzzle in neutron stars”, is to consider that the
TNR-like repulsions work universally for YNN , YYN YYY
as well as for NNN [5]. In our previous works [6,7], we in-
troduced the multi-pomeron exchange potential (MPP)
as a model of universal repulsions among three and four
baryons on the basis of the Extended Soft Core (ESC)
baryon-baryon interaction model developed by two of au-
thors (T.R. and Y.Y.) and M.M. Nagels [8,9,10,11]. Here,
the Brueckner-Hartree-Fock (BHF) formalism was used to
derive the EoS of neutron-star matter including hyperons
(Λ and Σ−).
The most important point in such a work is how to de-
termine the strength parameters related to for the stiffness
Send offprint requests to:
of EoS: In our approach, those of MPP were determined
on the basis of terrestrial experiments, introducing no ad
hoc parameter for the stiffness. Usually, it is considered
that some information on the incompressibility K of high-
density matter can be extracted from analyses of central
heavy-ion collisions in high energies. In the present, how-
ever, the results for the EoS still remain inconclusive. On
the other hand, in [6,7] we used the result that the TNR
effect appeared in the experimental angular distributions
of 16O+16O elastic scattering (E/A=70 MeV), as shown
in [12,13]: Such a scattering phenomenon was analyzed
successfully with the complex G-matrix folding potentials
derived from ESC free-space NN interactions including
MPP contributions, where the strengths of MPP are ad-
justed so as to reproduce the experimental data.
As well known, the nuclear saturation property of the
density and energy per particle cannot be reproduced only
with use of two-body interactions. It is indispensable to
take into account the three-nucleon interaction composed
of the attractive part (TNA) and the TNR [14]. When
we introduce the MPP, the TNA is added phenomenolog-
ically so as to reproduce the nuclear saturation property
precisely.
Our interaction model composed of ESC, MPP and
TNA is extended to hyperon channels: ESC gives poten-
tials in S = −1 (ΛN , ΣN) and S = −2 (ΞN , ΛΛ and ΛΣ)
channels. MPP is universal in all BB channels according
to its modeling. TNA is given phenomenologically in NN
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channels, which should be taken to reproduce hypernu-
clear data in hyperonic channels. Thus, we have a three-
baryon attraction (TBA). The decisive role for stiffness
of EoS and neutron-star mass is played by the MPP part.
The existence of high-density strong repulsions in hyperon
channels is an assumption to avoid the softening of EoS
by hyperon mixing in neutron-star matter. Such an as-
sumption is modeled by MPP in a clear-cut way. Then,
the strength of MPP should be determined so as to be
consistent with the terrestrial experimental data.
Using our BB interaction model (ESC+MPP+TBA),
we derive the EoS of β-stable neutron-star matter com-
posed of neutrons (n), protons (p), electrons (e−), muons
(µ−) and hyperons (Λ, Σ−, Ξ−), and solve the Tolmann-
Oppenheimer-Volkoff (TOV) equation for the hydrostatic
structure to obtain mass-radius relations of neutron stars.
The first step in this paper is to find the parameter sets
for MPP and TNA in NN channels on the basis of the
G-matrix calculations for nucleon matter. The nucleus-
nucleus potentials are derived by folding the G-matrix in-
teractions consistent with nuclear saturation properties.
The MPP parameters are chosen so as to reproduce the
16O+16O scattering data at E/A=70 MeV. In the nuclear
matter calculations, a three-body interaction is replaced
approximately to an effective two-body interaction by in-
tegrating out a third particle.
The second step is to derive the EoS for neutron-star
matter including hyperons (Λ, Σ−), and to obtain the
mass-radius relations of neutron stars by solving the TOV
equation. Though the calculations were performed in [7],
the obtained stiffness of the EoS was found to be slightly
over-estimated due to some insufficiency in numerical cal-
culations. The correct results are given in this work.
The third step is to study the effect of Ξ− mixing,
which was not taken into account in [7]. In this relation,
it is important that recently the event of Ξ− bound state
was found in emulsion and the Ξ− binding energy BΞ−
was extracted [15]. The S = −2 sector of ESC reproduces
nicely the observed value of BΞ− . Then, we derive the
EoS of neutron-star matter including Ξ− together with
Λ and Σ−, and evaluate the effect of Ξ− mixing to the
mass-radius relations of neutron stars.
The paper is organized as follows: In section 2, the
strengths of MPP and TBA in nucleonic channels are de-
termined to reproduce the angular distributions of 16O+16O
scattering at E/A=70 MeV and the nuclear saturation
property. The EoS is derived from a mixed matter of n, p,
e and µ in chemical equilibrium, and the mass-radius rela-
tions of neutron stars are obtained. In section 3, the EoS is
derived from a baryonic matter including not only nucle-
ons but also hyperons (Λ and Σ−). In spite of substantial
softening of the EoS by hyperon mixing, the resultant val-
ues of maximum masses of neutron stars reach to 2M⊙
owing to the contributions of quartic pomeron exchange
terms. The effects of Ξ− mixing are also investigated. The
conclusions of this work are given in section 4.
2 EoS and neutron-star mass
2.1 Multi-pomeron repulsion
We start the BB interaction model ESC, where all avail-
able NN -, YN -, and YY -data are fitted simultaneously
with single sets of meson parameters. Here, two-meson
and meson-pair exchanges are taken into account explic-
itly and no effective boson is included differently from the
usual one-boson exchange models. The latest version of
ESC model is named as ESC08c [9,10,11]. Hereafter, ESC
means this version.
As a model of universal TBR, we introduce the multi-
pomeron exchange potential (MPP) [6,7] consistently with
the ESC modeling: Generally, the N-body local potential
by pomeron exchange is
W (N)(x1, ...,xN ) = g
(N)
P g
N
P
{∫
d3ki
(2pi)3
e−iki·xi
}
·
×(2pi)3δ(
N∑
i=1
ki)Π
N
i=1
[
exp
(−k2i )] ·M4−3N , (1)
where the (low-energy) pomeron propagator is the same
as used in the two-body pomeron potential. Since the
pomeron is an SU(3)-singlet, MPP’s work universally among
baryons. The effective two-body potential in a baryonic
medium is obtained by integrating over the coordinates
x3, ...,xN . This gives
V
(N)
eff (x1,x2) = ρ
N−2
∫
d3x3...
∫
d3xN W
(N)(x1,x2, ...,xN )
= g
(N)
P g
N
P
ρN−2
M3N−4 ·
1
pi
√
pi
(
mP√
2
)3
exp
(
−1
2
m2P r
2
12
)
. (2)
We assume that the dominant mechanism is triple and
quartic pomeron exchange. The values of the two-body
pomeron strength gP and the pomeron mass mP are the
same as those in ESC. A scale massM is taken as a proton
mass.
In order to reproduce the nuclear saturation property,
an adequate form of TNA must be added to ESC together
with MPP. Here, we introduce TNA phenomenologically
as a density-dependent two-body interaction
VA(r; ρ) = V0 exp(−(r/2.0)2) ρ exp(−ηρ) (1 + Pr)/2 ,(3)
Pr being a space-exchange operator. Here, the functional
form is taken to be similar to the TNA part given in [14].
V0 and η are treated as adjustable parameters. VA(r; ρ)
works only in even states due to the (1 + Pr) factor. This
assumption is needed to reproduce the 16O+16O potential
at E/A = 70 MeV and nuclear-matter energy consistently
[7].
2.2 G-matrix calculation and determination of MPP
strength
The lowest-order Bruckner G-matrix calculations with the
continuous (CON) choice for intermediate single particle
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Table 1. Values of parameters included in MPP and TNA.
g
(3)
P
g
(4)
P
V0 η
MPa 2.34 30.0 −32.8 3.5
MPa+ 1.31 80.0 −21.6 1.0
MPb 2.94 0.0 −45.0 5.4
potentials were shown to simulate well the results includ-
ing higher hole-line contributions up to 3 ∼ 4 ρ0 [16,17],
ρ0 being normal density. Here, G-matrix calculations are
performed in nuclear matter, and G-matrix interactions
are represented in coordinate space to construct nucleus-
nucleus folding potentials [12].
In the same way as [6,7], the analyses for the 16O+16O
elastic scattering at an incident energy per nucleonEin/A =
70 MeV are performed. The MPP strengths (g
(3)
P and g
(4)
P )
and the TNA parameters (V0 and η) are determined to
reproduce the scattering data using the G-matrix fold-
ing potential derived from ESC+MPP+TNA and nuclear-
matter energy at saturation density. The calculated an-
gular distributions of 16O+16O scattering are insensitive
to the TNA parameters. Namely, it is essential in our ap-
proach that they are substantially determined by the MPP
repulsive contributions in high density region [13]. On the
other hand, they are not so dependent on a ratio of contri-
butions of triple and quartic pomeron exchanges, and we
can find various combinations of g
(3)
P and g
(4)
P reproducing
the data equally well.
The chosen parameter sets are listed in Table 1, where
MPa and MPb sets were used also in [7]. As stated in
[6], the analyses of the experimental cross sections of the
process pp → pX gives rise to rough estimations g(3)P =
1.95 ∼ 2.6 and g(4)P = 33 ∼ 228 [18,19]. In the case of
MPa, the g
(3)
P value is within the estimated range, and the
g
(4)
P is of a permissible minimum value. MPa
+ is specified
by having a fairly larger value of g
(4)
P than MPa. On the
other hand, MPb has no quartic component (g
(4)
P = 0). As
found in Eq.(2), the contributions from triple and quar-
tic components are proportional to ρ and ρ2, respectively.
Therefore, the latter contribution play a remarkable role
to stiffen the EoS in high density region.
In Fig. 1, we show the energy curves of symmetric nu-
clear matter (lower curves) and neutron matter (upper
curves), namely binding energy per nucleon (E/A) as a
function of density ρ. Solid, dashed and dotted curves are
obtained by MPa, MPa+ and MPb sets, respectively. The
box in the figure shows the area where nuclear saturation
is expected to occur empirically. Then, saturation densi-
ties and minimum values of E/A curves by these sets turn
out to be nicely close to the empirical value. In order to
derive the compressibilityK, the saturation curve is fitted
by a function E/A = aρ+bργ at 0.07< ρ < 0.4 fm−3. The
obtained values of K are 283, 313 and 254 MeV for MPa,
MPa+ and MPb, respectively, where the saturation points
are the same value of ρ0 = 0.154 fm
−3.
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Fig. 1. Energy per particle (E/A) as a function of nucleon den-
sity ρ. Upper (lower) curves are for neutron matter (symmetric
matter). Solid, dashed and dotted curves are for MPa, MPa+
and MPb, respectively. The box shows the empirical value. The
inset shows a zoom of the region around the saturation point.
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Fig. 2. Differential cross sections for 16O+16O elastic scat-
tering at E/A = 70 MeV calculated with the G-matrix folding
potentials. Solid, dashed and dotted curves are for MPa, MPa+
and MPb, respectively. Dot-dashed curve is for ESC.
In Fig.2, the calculated results of the differential cross
sections for the 16O+16O elastic scattering at E/A =
70 MeV are compared with the experimental data [20].
The corresponding 16O+16O double-folding potentials are
shown in Fig.3. Here, the dot-dashed curves are obtained
from ESC, and the angular distribution deviates substan-
tially from the data. Solid, dashed and dotted curves are
for MPa, MPa+ and MPb, respectively, which reproduce
nicely the experimental data. Though a reduction factors
NW is often multiplied on the imaginary part in the fold-
ing model analyses [12], such a reduction factor is not
needed in the present cases. In the double-folding model
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Fig. 3. Double-folding potentials for 16O+16O elastic scatter-
ing at E/A = 70 MeV. Solid, dashed and dotted curves are for
MPa, MPa+ and MPb, respectively. Dot-dashed curve is for
ESC.
analyses, the most important is the validity of the frozen-
density approximation (FDA). As shown in [13], MPP
contributions from the density region higher than the nor-
mal density are decisively important for resultant angular
distributions. Namely, valuable information of the EoS in
high-density region can be obtained from double-folding
potentials with FDA. The effect to include the quartic
pomeron coupling has to appear in the difference between
results for MPa/MPa+ and MPb, but no meaningful effect
can be found in the present analyses for nucleus-nucleus
scattering.
It is instructive to compare our MPP with another
model, for instance, the short-range repulsive term in the
Urbana model IX (UIX) [21]. Because the strength of UIX
is determined on the basis of variational calculations for
nuclear systems, two-body correlations should be taken
into account in deriving an effective two-body potential
from a three-body potential for use of UIX in our G-
matrix calculations. We estimate the effect of two-body
correlations in the case of MPb with no quartic compo-
nent, where correlation functions are extracted from the
solutions of G-matrix equation in nuclear matter. The G-
matrix results from MPb without correlations are found
to be very similar to the results including correlations, if
the g
(3)
P value in MPb is multiplied by about 1.5. Then, in
comparison with the calculations including UIX instead of
the MPP part in MPb, it turns out that the G-matrices
in both cases give rise to similar results. Namely, the
Table 2. Parameters in Eq.(4)
a0 b0 c0 a1 b1 c1
MPa −234.8 643.8 1.86 66.41 490.1 2.40
MPa+ −186.1 814.9 2.23 76.36 808.7 2.83
MPb −376.4 639.0 1.47 36.46 334.8 1.89
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Fig. 4. Neutron-star masses as a function of the radius R.
Solid, dashed and dotted curves are for MPa, MPa+ and MPb,
respectively.
strengths of three-body repulsions of MPb and UIX are
rather similar to each other.
2.3 neutron star mass
From the G-matrix calculations, we obtain the energy per
nucleon E/A as a function of density ρ. The E/A curve in
nuclear matter with neutron density ρn and proton density
ρp is parameterized as
E/A = (1− β)(a0ρ+ b0ρc0) + β(a1ρ+ b1ρc1) (4)
with β = 1− 2x, x = ρp/ρ and ρ = ρn + ρp.
Energy density, chemical potential and pressure are ob-
tained from Eq.(4) as a function of ρ and β. Assuming a
mixed matter of n, p, e− and µ− in chemical equilibrium,
we solve the TOV equation for the hydrostatic structure
of a spherical nonrotating star. The obtained mass-radius
relations of neutron stars are demonstrated in Fig.4. Solid,
dashed and dotted curves are for MPa, MPa+ and MPb,
respectively. The EoS’s in these cases are found to be
stiff enough to give 2M⊙. The difference between MPa
(MPa+) and MPb is due to the quartic-pomeron exchange
term included in the formers. The strengths of the effec-
tive two-body interaction derived from quartic-pomeron
exchanges are proportional to ρ2, and the contribution
become sizeable in the high-density region, making the
maximum mass large. The above differences appear sig-
nificantly in the inner regions of 16O+16O double-folding
potentials in the inner region, though they cannot be seen
in the cross sections Fig.2.
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3 hyperon mixing in neutron stars
3.1 YN interaction
ESC gives potentials in S = −1 (ΛN , ΣN) and S = −2
(ΞN , ΛΛ and ΛΣ) channels, being designed consistently
with various data of YN scattering and hypernuclei. Then,
the most important is to test the MPP+TBA parts in
channels including hyperons. While MPP is defined uni-
versally in all baryon channel, TBA is introduced phe-
nomenologically in nucleon channels, and not defined in
YN channels. Then, we should determine the strength of
TBA in each YN channel so as to reproduce the related hy-
pernuclear data. Fortunately, the present version of ESC
reproduces well the basic features of S = −1 and S−2 sys-
tems obtained from experimental data. This means that
MPP contributions in Y N channels as well as those inNN
channels are canceled substantially by TBA contributions
at normal density region. Then, it is confirmed that the
hypernuclear data are reproduced by ESC+MPP+TBA
as well as ESC by choosing TBA in a YN channel equally
to that in a NN channel. One should notice, however,
that the validity of this simple choice of TBA is rather
accidental. There still remains ambiguities in the parame-
ter fitting of ESC due to lack of experimental data in YN
channels. When another parameter set of ESC is used, it
is likely that TBA in a YN channel is different from TNA
in a NN channel.
In the case of ΛN case, such an assumption can be
tested in detail by using the experimental data of Λ hy-
pernuclei: We calculate ΛN G-matrices in symmetric nu-
clear matter including a single Λ hyperon. In Table 3 we
show the potential energies UΛ for a zero-momentum Λ
and their partial-wave contributions in 1S0,
3S1, P and D
states at normal density ρ0 (kF=1.35 fm
−1). It is noted
that reasonable Λ binding energies are obtained in the
cases of MPa, MPa+, MPb and ESC. The former three re-
sults including MPP+TBA are found to be similar to the
ESC result, because MPP and TBA contributions are can-
celled out substantially in normal density region in spite of
remarkable difference in higher density region. One should
be careful for comparing these values of UΛ(ρ0) with the
depth UWS ∼ −30 MeV of the Λ Woods-Saxon (WS) po-
tential suitable to the data of Λ hypernuclei. In the cases
of using the Skyrme-type ΛN interactions [22] or the Λ
energy densities [23] in calculations of BΛ values in finite
systems, the derived Λ-nucleus potentials are more or less
similar to the WS form and the potential depths have good
correspondence to the UWS value. On the other hand, in
[7] Λ binding energies in finite systems were calculated
systematically with the Λ-nucleus folding potentials de-
rived from finite-range G-matrix interactions GΛN (r; kF )
for MPa and ESC, and the experimental data were re-
produced nicely. The similar result is obtained for MPb,
while that for MPa+ is a little smaller than the data. In
these cases, the forms of Λ-nucleus folding potentials are
considerably different from the WS form, and then the po-
tential depths are not simply compared with the WS one.
The reason why we use the G-matrix folding potentials for
hyperon-nucleus interactions is because nucleon-nucleus
Table 3. Values of UΛ at normal density and partial wave
contributions for MPa, MPa+, MPb and ESC (in MeV). Values
specified by P and D give sum of (S, J) contributions.
1S0
3S1 P D UΛ
MPa −13.6 −25.9 4.1 −2.7 −38.1
MPa+ −13.3 −25.1 4.3 −2.7 −36.9
MPb −13.6 −26.0 4.1 −2.7 −38.3
ESC −13.6 −25.3 1.1 −1.6 −39.4
Table 4. Values of UΣ at normal density and partial wave
contributions for MPa, MPa+, MPb and ESC (in MeV). Values
specified by P and D give sum of (S, J) contributions.
1S0
3S1 P D UΣ
MPa T = 1/2 10.7 −23.1 −1.4 −1.0
T = 3/2 −13.3 30.4 0.1 −0.9 1.5
MPa+ T = 1/2 10.6 −21.3 −1.4 −1.0
T = 3/2 −13.3 30.4 0.2 −0.9 3.4
MPb T = 1/2 10.6 −23.2 −1.4 −1.0
T = 3/2 −13.3 30.3 0.1 −0.9 1.3
ESC T = 1/2 10.9 −21.6 −2.5 −0.7
T = 3/2 −13.5 31.0 −2.1 −0.2 1.3
and nucleus-nucleus scattering phenomena are quite suc-
cessfully reproduced with G-matrix folding models. In [7],
such an analysis was used to extract the three-body repul-
sive effect from the nucleus-nucleus scattering observable.
For consistency in our approach, we use the G-matrix fold-
ing procedures for hyperon-nucleus potentials.
In Table 4 we show the potential energies UΣ(ρ0) for
a zero-momentum Σ and their partial-wave contributions
for MPa, MPa+, MPb and ESC. As well as the cases of
UΛ(ρ0), the results for MPa, MPa
+ and MPb are similar
to the ESC result because of cancellations of MPP and
TBA contributions in normal density region. It should
be noted here that the strongly repulsive contributions
in T = 3/2 3S1 and T = 1/2
1S0 states are due to the
Pauli-forbidden effects in these states, being taken into
account by strengthening the pomeron coupling in the
ESC08 modeling. Especially, Σ− potentials in neutron
matter become strongly repulsive owing to T = 3/2 3S1
contributions. From the experimental data of Σ− hyper-
nuclear production, the Σ-nucleus potential is suggested
to be strongly repulsive. It was shown that the experi-
mental K+ spectra of 28Si(pi−,K+) reaction were repro-
duced using the repulsive Woods-Saxon (WS) potential
with the strength UWS = 20 ∼ 30 MeV [24]. It is mean-
ingful to compare the WS potential with the Σ potential
obtained from ΣN G-matrices for the Σ particle with pos-
itive energy in nuclear matter. Then, the latter is found
to be repulsive comparably to the former in the Σ− en-
ergy region related to the above (pi−,K+) reaction. It is
an interesting subject in future to analyze the (pi−,K+)
reaction data with use of the Σ-nucleus G-matrix folding
potentials.
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3.2 Hyperonic nuclear matter and EoS
We derive the EoS of baryonic matter composed of nucle-
ons (N = n, p) and hyperons (Y = Λ,Σ−, Ξ−). A single
particle potential of B particle in B′ matter is given by
UB(k) =
∑
B′
U
(B′)
B (k)
=
∑
B′
∑
k′,k
(B′)
F
〈kk′|GBB′,BB′ |kk′〉 (5)
with B,B′ = N, Y . Here, spin isospin quantum numbers
are implicit. The energy density is given by
ε = εmass + εkin + εpot
= 2
∑
B
∫ kBF
0
d3k
(2pi)3
{
MB +
h¯2k2
2MB
+
1
2
UB(k)
}
(6)
Then, we have
∫ kBF
0
k2dk
pi2
U
(B′)
B (k) =
∫ kB′F
0
k2dk
pi2
U
(B)
B′ (k)
.
Considering ρB =
(kBF )
3
3pi2
∂
∂ρB
U (B′)B = U (B
′)
B (k
B
F ) +
∫ kBF
0
k2dk
pi2
∂U
(B′)
B (k)
∂ρB
(7)
The second term leads to the rearrangement contribution.
The baryon number density is given as ρ =
∑
B ρB,
ρB being that for component B. The chemical potentials
µB and pressure P are expressed as
µB =
∂ε
∂ρB
, (8)
P = ρ2
∂(ε/ρ)
∂ρB
=
∑
B
µBρB − ε . (9)
Here, the two approximations are made for the energy
density: (1) Hyperonic energy densities including Λ, Σ−
and Ξ− are obtained from calculations of n+p+Λ, n+p+
Σ− and n+p+Ξ− systems, respectively. (2) The parabolic
approximation is used to treat asymmetries between n and
p in n+p sectors. Then, the G-matrix equations are solved
for YN pairs (Y = Λ,Σ) specified by isospin quantum
numbers, where the ΛN -ΣN coupling terms are treated
exactly. The obtained isospin-represented YN G-matrices
are transformed into those for Λn, Λp, Σ−n and Σ−p. The
corresponding terms for ΞN pairs are done approximately
as mentioned later.
Calculated values of energy densities are fitted by the
following analytical parameterization:
εpot(ρn, ρp, ρΛ, ρΣ , ρΞ) = ENρN
+(EΛ + EΛΛ)ρΛ + EΣρΣ + EΞρΞ (10)
Ez = (1− β)f (0)z + βf (1)z (11)
z = Λ,Σ,Ξ,ΛΛ
Table 5. Parameters of energy densities given by analytical
forms Eqs.(13)∼(15).
a
(0)
Λ0 a
(0)
Λ1 b
(0)
Λ0 b
(0)
Λ1 c
(0)
Λ
MPa −343.4 82.30 1224. 1121. 2.288
MPa+ −273.0 −73.75 1449. 3582. 2.695
MPb −1191. −449.2 1512. 912.1 1.246
a
(1)
Λ0 a
(1)
Λ1 b
(1)
Λ0 b
(1)
Λ1 c
(1)
Λ
MPa −208.4 −66.90 1124. 2204. 2.555
MPa+ −262.7 −228.6 1184. 2902. 2.338
MPb −1133. −184.5 1540. 576.8 1.273
a
(0)
Σ0 a
(0)
Σ1 b
(0)
Σ0 b
(0)
Σ1 c
(0)
Σ
MPa −252.8 −261.7 699.2 992.8 1.591
MPa+ −72.87 −80.57 666.6 1531. 2.254
MPb −847.0 −594.3 1174. 930.3 1.184
a
(1)
Σ0 a
(1)
Σ1 b
(1)
Σ0 b
(1)
Σ1 c
(1)
Σ
MPa 105.3 104.1 945.5 1447. 2.645
MPa+ 102.8 39.74 967.0 2628. 2.777
MPb −84.92 −30.89 687.3 557.6 1.613
a
(1)
ΛΛ0 a
(1)
ΛΛ1 b
(1)
ΛΛ0 b
(1)
ΛΛ1 c
(1)
ΛΛ
MPa −1.185 −69.88 −20.17 612.2 2.272
MPa+ −2.294 −33.30 −44.02 1090. 2.885
MPb 7.449 −256.9 −232.6 2325. 1.869
where β = (1− 2xp)2 with xp = ρp/ρN and ρN = ρn+ ρp.
EN means E/A given by Eq.(4). Expressions of f
(i)
z with
i = 0, 1 are given as
f (i)y = A
(i)
y ρN +B
(i)
y ρ
c(i)y
N (12)
A(i)y = a
(i)
y0 + a
(i)
y1xY (13)
B(i)y = b
(i)
y0 + b
(i)
y1xY (14)
where xY = ρY /ρN with Y = Λ, Σ, Ξ, and y = Λ, Σ,
Ξ, ΛΛ. Here, Λ, Σ, Ξ, ΛΛ denote contributions from NΛ,
NΣ−, NΞ− ΛΛ interactions, respectively. The values of
fitted parameters are listed in Table 5, where ΛΛ (i = 0)
parts are omitted because of their negligible effects in the
EoS. In this work, Σ−Σ− and Ξ−Ξ− interactions are not
taken into account, for which there is no experimental
information.
Let us derive the EoS of neutron-star matter composed
of n, p, e−, µ−, Λ, Σ− and Ξ−. The equilibrium condi-
tions are summarized as follows: (1) chemical equilibrium
conditions,
µn = µp + µe (15)
µµ = µe (16)
µΛ = µn (17)
µΣ− = µn + µe (18)
µΞ− = µn + µe (19)
(2) charge neutrality,
ρp = ρe + ρµ + ρΣ− + ρΞ− (20)
(3) baryon number conservation,
ρ = ρn + ρp + ρΛ + ρΣ− + ρΞ− (21)
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Fig. 5. Composition of hyperonic neutron-star matter for
MPa.
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Fig. 6. Composition of hyperonic neutron-star matter for
MPa+.
When the analytical expressions (10)∼(14) are substi-
tuted into the chemical potentials (8), the chemical equi-
librium conditions (15)∼(19) are represented as equations
for densities ρa (a = n, p, e
−, µ−, Λ, Σ−, Ξ−). Then,
equations (15)∼(21) can be solved iteratively.
In this subsection, let us show the results obtained
without Ξ− mixing. In Fig. 5, Fig. 6 and Fig. 7, the matter
compositions are shown in the cases of MPa, MPa+ and
MPb, respectively. As the MPP repulsions become strong
from MPb to MPa+, hyperon components become large.
Increasing of hyperon components are found to be covered
by decreasing of components of n, e− and µ−.
Pressures (9) are obtained from determined values of
densities and chemical potentials. In Fig. 8, the calcu-
lated values of pressure P are drawn as a function of
baryon density ρ. Thick (thin) curves are with (without)
hyperon mixing. Solid, dashed and dotted curves are for
MPa, MPa+ and MPb.
Using the EoS of hyperonic nucleon matter, we solve
the TOV equation to obtain the mass and radius of neu-
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Fig. 7. Composition of hyperonic neutron-star matter for
MPb.
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Fig. 8. Pressure P as a function of baryon density ρ. Thick
(thin) curves are with (without) hyperon mixing. Solid, dashed
and dotted curves are for MPa, MPa+ and MPb.
tron stars. The EoS’s for MPa, MPa+ and MPb are used
ρ > ρ0. Below ρ0 we use the EoS of the crust obtained
in [25,26]. Then, the EoS’s for ρ > ρ0 and ρ < ρ0 are
connected smoothly. The behavior of mass-radius curve
of a neutron star in ρ0 ∼ 2ρ region (below hyperon-onset
densities) is considerably affected by the matching den-
sity. The above value of the matching density is chosen
so that the winding behavior of the mass-radius curve in
this region becomes as small as possible. Though there is
no physical reason for this choice, the problem in ρ0 ∼ 2ρ
region is not related to the EoS and the mass-radius re-
lations in higher-density region, which are of our con-
cern in this work. In Fig. 9 (Fig. 10), neutron-star masses
are drawn as a function of radius R (central density ρc),
where solid, dashed and dotted curves are for MPa, MPa+
and MPb, respectively. Calculated values of maximum
masses for MPa+, MPa and MPb are 2.07M⊙, 1.94M⊙
and 1.83M⊙, respectively, being smaller by 0.61M⊙, 0.51M⊙
and 0.35M⊙, than the values without hyperon mixing. Al-
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Fig. 9. Neutron-star masses as a function of the radius R.
Solid, dashed and dotted curves are for MPa, MPa+ and MPb.
Two dotted lines show the observed mass (1.97 ± 0.04)M⊙ of
J1614-2230.
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Fig. 10. Neutron-star masses as a function of the central
density ρc. Solid, dashed and dotted curves are for MPa,
MPa+ and MPb. Two dotted lines show the observed mass
(1.97± 0.04)M⊙ of J1614-2230.
though the universal repulsion works to raise the maxi-
mum mass, the hyperon mixing also is enhanced by it so
that the maximum mass is reduced. This means that the
universal repulsion cannot raise the maximum mass with-
out limit. The maximum mass for MPb is considerably
smaller than the observed value of ∼ 2M⊙. On the other
hand, those for MPa and MPa+ reach to this value owing
to the four-body repulsive contributions. If a neutron star
with far heavier mass than 2M⊙ is observed in future, it
may be difficult to reproduce such a heavy mass in the
present modeling for hyperon mixing.
In our calculations, the causality conditions at very
high density are violated in the case of using MPa and
MPa+, and not in MPb case. Then, we adopt the approx-
imation where the EoS is replaced by the causal EoS above
this density in the same way as the treatment in [27]. The
Table 6. Values of UΞ at normal density and partial wave
contributions for MPa and ESC (in MeV). Values specified by
P give sum of (S, J) contributions.
1S0
3S1 P UΞ
MPa T = 0 1.0 −8.1 1.5
T = 1 9.7 −12.0 1.1 −6.7
ESC T = 0 1.1 −8.0 0.9
T = 1 10.7 −10.8 −0.7 −6.8
critical density for MPa and MPa+, sound speeds being
over the speed of light, is obtained as 1.2 and 1.1 fm−3,
respectively. The masses M/M⊙ take the maximum val-
ues at ∼ 1.23 and ∼ 1.10 fm−3 in the case of MPa and
MPa+, respectively. The critical density for the violation
of causality condition is almost the same as the density
giving the maximum mass in these cases. Therefore, the
obtained maximum masses are not so dependent on the
above approximation. On the other hand, the causality
condition is violated significantly in the corresponding re-
sult without hyperon mixing.
3.3 ΞN interaction and Ξ− mixing
Experimental information for ΞN interactions can be ob-
tained from emulsion events of simultaneous emission of
two Λ hypernuclei (twin Λ hypernuclei) from a Ξ− absorp-
tion point. The Ξ− produced by the (K−,K+) reaction
is absorbed into a nucleus (12C, 14N or 16O in emulsion)
from some atomic orbit, and by the following Ξ−p→ ΛΛ
process two Λ hypernuclei are produced. Then, the en-
ergy difference between the initial Ξ− state and the final
twin Λ hypernuclei gives rise to the binding energy BΞ−
between Ξ− and the nucleus. Two events of twin Λ hyper-
nuclei (I) [28] and (II) [29] were observed in the KEK E176
experiment. These events were interpreted to be reactions
of Ξ− captured from the 2P state in 12C, though another
possibility cannot be ruled out. In [30], the strength of
the ΞN interaction was fitted according to this interpre-
tation. Recently the new event (III) [15] has been observed
in the KEK E373 experiment, as the first clear evidence
of a Ξ− bound state. This event is uniquely identified
as Ξ− +14N →10Λ Be +5ΛHe , where 10ΛBe is in an excited
state. Assuming the Ξ− capture from the 2P state in 14N,
the obtained value of Ξ− binding energy BΞ−(2P ) agrees
nicely to the value predicted in [30].
Recently, it has been shown in [11] that the Ξ− bind-
ing energies extracted from the above events can be re-
produced well by the G-matrix interaction derived from
ESC08c. In Table 6 we show the potential energies UΞ(ρ0)
for a zero-momentum Ξ and their partial-wave contribu-
tions for MPa and ESC. As well as the cases of Λ and Σ,
the result for MPa is similar to that for ESC because of
cancellations of MPP and TBA contributions in normal
density region.
Now, we derive ΞN G-matrices in nuclear matter com-
posed of n + p + Ξ− with ESC. ΞN sectors in ESC are
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Fig. 11. Single particle potentials UY of Y = Λ,Σ
−, Ξ− for
MPa in neutron matter as a function of neutron density ρn
with ρY /ρn = 0.1.
of complicated structure. For instance, ΞN channels in
T = 1 state couples to ΛΣ and ΣΣ channels together with
tensor coupling. For simplicity, we introduce an approxi-
mation to replace them by ΞN -ΞN single-channel poten-
tials, which are determined so as to simulate the results by
coupled-channel G-matrix calculations at normal-density.
This approximation is for the sake of avoiding difficulties
to solve the G-matrix equations with complicated coupling
structures. For such a G-matrix equation, we have no good
convergence for iterations in high-density region. It is our
future problem to develop some technique to perform ac-
curate calculations in such a case. However, the effects of
Ξ mixing to the stiffness of EoS and the mass-radius re-
lation of neutron stars may be not so large in the cases of
including MPP contributions which dominate the energy
densities in high-density region.
Calculations for MPa are performed, including MPP+TBA
parts also in ΞN channels. In Fig.11, we compare cal-
culated single particle potentials U
(n)
Y (k = 0) with Y =
Λ,Σ−, Ξ− in neutron matter defined by Eq.(7), where
they are given as a function of neutron density ρn in the
case of ρY /ρn = 0.1. The Ξ
− potential turns out to be
less repulsive than the Σ− potential.
The reason why the Σ− potential is so repulsive is
because of the Pauli-forbidden effect in the 3S1 T = 3/2
state. As mentioned before, however, our Σ− potential is
less repulsive in comparison with the value UΣ− ∼ +30
MeV assumed in the relativistic mean field models [31,32,
33]. This is the reason why the onset density of Σ− is not
so high in our EoS.
The values of fitted parameters for Ξ− energy densities
are listed in Table 7.
In Fig. 12, the matter compositions are shown in the
case of MPa. Here, the onset densities of Σ−, Λ and Ξ−
are 0.32 fm−3, 0.36 fm−3 and 0.62 fm−3, respectively.
In Fig. 13, the calculated values of pressure P are
drawn as a function of baryon density ρ for MPa. Dashed
Table 7. Parameters of Ξ− energy densities given by analyt-
ical forms Eq.(13)∼(15) for MPa.
a
(0)
Ξ0 a
(0)
Ξ1 b
(0)
Ξ0 b
(0)
Ξ1 c
(0)
Ξ
−290.9 145.8 1112. 304.2 1.893
a
(1)
Ξ0 a
(1)
Ξ1 b
(1)
Ξ0 b
(1)
Ξ1 c
(1)
Ξ
−133.4 8.011 783.2 739.6 2.077
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Fig. 12. Composition of hyperonic neutron-star matter for
MPa.
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Fig. 13. Pressure P as a function of baryon density ρ. Dashed
(solid) curves are with (without) Ξ− mixing for MPa. Dotted
curve is without hyperon mixing.
and Solid curves are with and without Ξ− mixing, respec-
tively. Dotted curve is without hyperon mixing.
In Fig. 14, neutron-star masses are drawn as a func-
tion of radius, where the dashed (solid) curve is obtained
from the EoS with (without) the Ξ− mixing. The val-
ues of maximum masses are 1.97M⊙ and 1.94M⊙ in the
cases of dashed and solid curves. Thus, the maximum
mass is hardly changed, though Σ− and Λ are replaced
by Ξ− gradually with increase of baryon density as seen
in Fig. 12. The reason is because the universal repulsions
(MPP) work equally to Λ, Σ− and Ξ−, being dominant
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Fig. 14. Neutron-star masses as a function of the radius R
derived from the hyperon-mixed EoS for MPa. Dashed (solid)
curve is with (without) Ξ− mixing.
contributions in high density region. The effect of Ξ− mix-
ing in Fig. 14 can be understood correspondingly by the
difference between the EoS’s with and without Ξ− mix-
ing in Fig. 13, where the former becomes harder than the
latter in higher density region.
4 Conclusion
The existence of neutron stars with 2M⊙ gives a severe
condition for the stiffness of EoS of neutron-star matter.
Though the strong TNR can make the EoS stiff enough,
the hyperon mixing in neutron-star matter brings about
the remarkable softening of the EoS to cancel the TNR
effect. As a possibility to avoid this serious problem, we
introduce the universal repulsions working for YNN , YYN
YYY as well as for NNN [5].
On the basis of the BB interaction model ESC, we in-
troduce the universal three- and four-body repulsion MPP
among baryons together with the phenomenological three-
body attraction TBA. The strengths of MPP in nucleon
channels are determined so as to fit the observed angular
distribution of 16O+16O elastic scattering at Ein/A = 70
MeV with use of the G-matrix folding potential. The TBA
parts are taken so as to assure the nuclear saturation prop-
erty. Then, the stiff EoS of neutron-star matter is derived
on the basis of terrestrial experiments, giving the large
neutron-star mass over 2M⊙, when the hyperon mixing is
not taken into account.
In order to study the effect of hyperon mixing to the
EoS, it is necessary to use reliable interactions in chan-
nels including hyperons. The reliability of ESC in these
channels have been confirmed by successful applications
to analyses of hypernuclear phenomena. The MPP con-
tributions are defined to exist universally in every bary-
onic system. Taking the remaining part TBA also uni-
versally, single particle potentials of Λ, Σ− and Ξ− are
reproduced consistently with experimental data by using
ESC+MPP+TBA interactions.
The EoS of hyperonic nuclear matter is obtained from
ESC+MPP+TBA on the basis of the G-matrix approach,
and the mass-radius relations of neutron stars are derived
by solving the TOV equation. Though hyperon mixing
leads to remarkable softening of the EoS, the stiffness is
partially recovered owing to the MPP contribution. Quan-
titatively, in the case of MPb including only the three-
body repulsion, the derived maximum mass is consider-
ably smaller than 2M⊙. In order to reproduce 2M⊙, the
decisive roles are played by the four-body repulsions in-
cluded in MPa and MPa+. The effective two-body inter-
actions derived from the three- and four-body repulsions
are proportional to ρ and ρ2, respectively. The latter con-
tribution in high density region is sufficient to stiffen the
EoS enough to give 2M⊙. However, as the MPP repul-
sion becomes strong, the resultant softening effect of EoS
becomes large. Namely, the neutron-star mass does not
become far bigger than 2M⊙ with increase of the MPP
repulsion: We can say that our three- and four-pomeron
exchange model provides an upper limit ∼ 2M⊙ to the
maximum mass of neutron stars with hyperon mixing.
The universality of the MPP repulsion not only applies
to nucleons and hyperons but also baryon resonances (∆33
etc.) and mesons as well. Therefore, the MPP repulsion
prevents in general the softening of the EoS in the high-
density region.
It is interesting to study the effect of Ξ− mixing in ad-
dition to mixing of Λ and Σ− on the basis of the reliable
ΞN interaction model. The emulsion data of twin Λ hy-
pernuclei indicate that the ΞN interaction is substantially
attractive. Then, the Ξ− binding energies are reproduced
well by ESC. The EoS of neutron-star matter including
hyperons (Λ, Σ−, Ξ−) is derived from ESC+MPP+TBA
interactions. Though there appears considerable Ξ− mix-
ing in high density region, there is almost no effect on the
maximum mass.
It should be noted that our conclusion for neutron stars
is obtained essentially on the basis of terrestrial experi-
ments for nuclear and hypernuclear systems without us-
ing ad hoc parameters to stiffen the EoS. It can be said,
at least, that our approach contributes to one of possible
solutions of the hyperon puzzle.
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